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Abstract. Tlie solvability of the Riemann-Hilbert boundary value problem 
on the real line is described in the case when its matrix coefficient admits a 
Wiener-Hopf type factorization with bounded outer factors but rather general 
diagonal elements of its middle factor. This covers, in particular, the almost 
periodic setting, when the factorization multiples belong to the algebra gen- 
erated by the functions e\{x) :— e'"^^, A G R. Connections with the corona 
problem are discussed. Based on those, constructive factorization criteria are 
derived for several types of triangular 2x2 matrices with diagonal entries 
e±\ and non-zero off diagonal entry of the form a-C-p + a+e^ with v,P >Q, 
u + P > Q and a± analytic and bounded in the upper/lower half plane. 



1. Introduction 

The (vector) Riemann-Hilbert boundary value problem on the real line R consists 
in finding two vector functions 0±, analytic in the upper and lower half plane 
= {2: e C: ± Imz > 0} respectively, satisfying the condition 

^_=G0++5, (1.1) 

imposed on their boundary values on R. Here g is a, given vector function and G 
is a given matrix function defined on R, of appropriate sizes. It is well known that 
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various properties of (jl.ip can be described in terms of the (right) factorization of 
its matrix coefficient G, that is, a representation of G as a product 

G = G-DG-\ (1.2) 

where G± and their inverses are analytic in and £) is a diagonal matrix function 
with diagonal entries dj of a certain prescribed structure. An exact definition of 
the factorization (|1.2p is correlated with the setting of the problem p.ip . that is, 
the requirements on the boundary behavior of 0± . 

To introduce a specific example, denote by Hi^ the Hardy classes in and 
by Lr the Lcbesgue space on M, with r S (0, oo]. Let us also agree, for any set 
X, to denote by X" (X"^") the set of all n- vectors (respectively, nxn matrices) 
with entries in X. 

With this notation at hand, recall that the Lp setting of (jl.ip is the one 
for which g G and 0± G {H^)'^ . An appropriate representation (|1.2p . in this 
setting with p > 1 , is the so called Lp factorization of G: the representation (|1.2p 
in which 

A±iG± e (i?p±)"^", A±iG±i e (i?,±)"^" and = (A_/A+)"^. (1.3) 

Here 

P 

1 < p < oo, q = -, A±(z) = z ± i, 

p - 1 

and the integers Kj are called the (right) partial indices of G. 

A full solvability picture for the problem (|l.ip with Lp factorable G can be 
extracted from [12l Chapter 3], see also [10]. The central result in this direction 
is (the real line version of) the Simonenko's theorem, according to which (jl.ip 
has a unique solution for every right hand side g — equivalently, the associated 
Toeplitz operator Tq ='■ P+G\{H^)^ is invertible — if and only if G admits an Lp 
factorization ()1.2p with D ~ I, subject to the additional condition 

G-P+GZ^ is a densely defined bounded operator on L^. (1-4) 

Here P+ is the projection operator of Lp onto along , defined on vector 
(or matrix) functions entrywise. 

In this paper, we take particular interest in hounded factorizations for which 
in (|1.2p . by definition, 

Gf e (Lr+)"^", G±i e {H^T''''- (1-5) 

Of course, with dj as in (|1.3p a bounded factorization of G is its Lp factorization 
simultaneously for all p S (l,oo), and the additional condition (|1.4p is satisfied. 
However, some meaningful conclusions regarding the problem (jl.ip can be drawn 
from the relation p.2p satisfying (jl.Sp even without any additional information 
about the diagonal entries of D. This idea for Lp factorization on closed curves 
was first discussed in [T3]; in Section [5] we give a detailed account of the bounded 
factorization version. That includes in particular the interplay between the factor- 
ization problem and the corona theorem. 
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Section [3] deals with the almost periodic {AP for short) setting, in which the 
elements of the matrix function involved belong to the algebra AP generated by 
the functions 

ex{x) = e'^'=, AeM, (1.6) 

the diagonal elements dj being chosen among its generators e\. In this case not 
only we consider the solvability of (jl.ip when G admits an AP factorization, but 
also address the converse question: what information on the existence and the 
properties of that factorization can be obtained from a solution to a homogeneous 
problem 

G0+ = </)±e(F±)" (1.7) 

with p = oo. 

In Sections 21 we consider classes of matrix functions G for which p.ip 
is closely related with a convolution equation on an interval of finite length. By 
determining a solution to the homogeneous Riemann-Hilbert problem p.7p in 
and applying the results of the previous sections, we study the factorability of G 
and the properties of the related Toeplitz operator Tq- In particular, invertibility 
conditions for this operator are obtained and a subclass of matrix functions is 
identified for which invertibility of Tq is (somewhat surprisingly) equivalent to its 
semi-Fredholmness . 

2. Riemann-Hilbert problems and factorization 

We start with the description of the solutions to (|l.ip . in terms of a bounded 
factorization (|1.2p . 

Theorem 2.1. Let G admit a bounded factorization (|1.2p . Then all solutions of the 
problem p.ip satisfying 0± £ [H'^Y^ for some p G [1, oo\ are given by 

0+ = ^ 0- = ^ dji})jgj + g. (2.1) 

j j 

Here g^ stands for the j-th column of G±: 

G- = [ .gf 92 ■■■ 9n ], G+=[ gt gt ■■■ ,9+ ] , (2.2) 
and ijjj is an arbitrary function satisfying 

i^jeH+, d,i,, + {G-Jg),eH;. (2.3) 

In other words, the Riemann-Hilbert problem p.ip with a matrix coefficient 
G admitting a bounded factorization can be untangled into n scalar Riemann- 
Hilbert problems, in the same Lp setting. 

The proof of Theorem 12. II is standard in the factorization theory, based on a 
simple change of unknowns (j)± ~ G±ip±. We include it here for completeness. 
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Proof. If ((/)+,(/)_) is a solution to (|l.ip . then defining tp := ("0^)^=1,. = G+^4'+ 
we get = G+^, 4>- = G-Dt/j + g, which is equivalent to (|2.ip . and (j2.3p is 
satisfied. Conversely, if (|2.3p holds for all j = 1, . . . ,ri, then 0+ = G+t/" G 
cl)_ = G-D^P + g £ and (dH holds. □ 

We will say that a function /. defined a.e. on R, is of non-negative type if 

feH+oT e i?^. (2.4) 

The type is non-positive if 

feH^ or e H+, (2.5) 

(strictly) positive if (|2.4p holds while (|2.5p does not, and neutral if hoth (|2.4p . (|2.5p 
hold. 

Lemma 2.2. For of positive type, there is at most one function ijjj satisfying 

Proof. It suffices to show that the only function il.' E satisfying djij] £ H~ is 
zero. 

If the first condition in (|2.4p holds for f = dj, then djip G simultaneously 
with ip itself. From here and djip g it follows that djip is a constant. If this 
constant is non-zero (which is only possible if p = oo), then dj is invertible in 
which contradicts the strict positivity of its type. On the other hand, the product 
djip of two analytic functions may be identically zero only if one of them is. It 
cannot be dj (once again, since otherwise the first condition in (|2.5p would hold); 
thus, -0 = 0. 

The second case of (|2.4p can be treated in a similar way. □ 
As an immediate consequence we have: 

Corollary 2.3. // G admits a bounded factorization with all dj of positive type, 
then the homogeneous Riemann-Hilbert problem p. 71) has only the trivial solution 
= (j)- — for any p £ [1, oo]. 

If dj is of neutral type, then by definition it is either invertible in H^, or 
in H^, or is equal to zero. Disallowing the latter case, and absorbing dj in the 
column in the former, we may without loss of generality suppose that all such 
dj are actually equal 1. With this convention in mind, the following result holds. 

Corollary 2.4. Let G admit a bounded factorization with all dj of non-negative 
type, dj 7^ 0. Then the homogeneous problem (|1.7p for 1 < p < oo has only the 
trivial solution, and for p ~ oo all its solutions are given by 

jeJ jeJ 
Here g^ are as in (|2.2p . Cj G C, and j £ J if and only if dj is of neutral type. 
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Proof. From (|2.ip and from Lemma [2. 2 1 we have 

while our convention regarding the neutral type allows us to drop the functions dj 
in the expression for (/)_ . Finally, (j2.3p with dj of neutral type and .9 = means 
that tpj G n H~, and thus ^/ij is a constant (= if p < oo). □ 

Recall that the factorization (|1.2p is canonical if the middle factor D of it is 
the identity matrix, and can therefore be dropped: 

G = G-G^\ (2.7) 

The following criterion for bounded canonical factorability is easy to establish, and 
actually well known. We state it here, with proof, for the sake of completeness and 
ease of references. 

Lemma 2.5. G admits a bounded canonical factorization (12. 7p if and only if problem 
(|1.7[) with p = oo has solutions (j>^ , j = 1, . . . , n, such that 

det[(j)f . . . 0^] is invertible in H^. (2-8) 

// this is the case, then one of the factorizations is given by 

G±= (2.9) 

and all solutions to (|1.7p in are linear combinations of (jy^ . 

Proof. If (|2.7p holds with G± satisfying (|1.5|1 . then one may choose (jy^ as the 
j-th column of G±. Conversely, if (jx^ satisfy (|1.7p and (|2.8p . then G± given by 
(|^ satisfy GG+ = G_ and pTS]) . Therefore, (^7)) holds and delivers a bounded 
canonical factorization of G. 

The last statement now follows from Corollarv l2.4l □ 

Observe that for G with constant non-zero determinant, the determinants of 
matrix functions G± given by (|2.9p also are necessarily constant. So, (|2.8p holds if 
and only if the vector functions 4>t{z), . . . , (t)n{z) (or 0^(z), . . . , 0^(2:)) are linearly 
independent for at least one value of ^ € C"*" (resp., C~). 

As it happens, if G admits a bounded canonical factorization, all its bounded 
factorizations (with no a priori conditions on dj ) are forced to be "almost" canon- 
ical. The precise statement is as follows. 

Theorem 2.6. Let G have a bounded canonical factorization G = G-G'^^ . Then all 
its bounded factorizations are given by \1.2\ . where each dj has a bounded canonical 
factorization 

dj=dj^djl, j = (2.10) 

G±=G±ZD^\ =diag[di±,...,d„±], (2.11) 

and Z is an arbitrary invertible matrix in C"^". 
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Proof. Equating two factorizations G-G^^ and G-DGj_^ yields 

D = GI^G_G;^G+ = (2.12) 

where F±, F^T^ £ (i/^)"^". Consequently, D admits a bounded canonical fac- 
torization, and therefore the Toeplitz operator is invertible on (H^)" for 
p G (l,cx)). Being the direct sum of n scalar Toeplitz operators Td-, this im- 
plies that each of the latter also is invertible, on Thus, each of the scalar 
functions dj admits a canonical Lp factorization. Let (|2.10p be such a factoriza- 
tion, corresponding to p = 2. Then, according to (|2.12p the elements of the 
matrix functions F± are related as f~j = dj . Due to the invertibility of F± , for 
each J the functions are non-zero for at least one value of i. Choosing such i 
arbitrarily, and abbreviating the respective simply to we have 

The left and right hand side of the latter equality is a function in A_i7^ and 
A+i7^, respectively. Hence, each of them is just a scalar (non-zero, due to our 
choice of i). So, dj± G H^. 

Letting d± = 0^=1 dj±, from here we obtain that detZ) — d-d^^, with d± G 
. But (|2.12l) implies also that det D admits the bounded analytic factorization 
deti^_/deti^+. Thus, 

(i_/det_F_ = d+/deti^+, 

with left / right hand side lying in , respectively. Hence, d± differs from det F± 
only by a (clearly, non-zero) scalar multiple, and therefore is invertible in H^. 
This implies the invertibility of each multiple dj± in i?^, j = 1, . . . ,n, so that 
each representation (j2.10[) is in fact a bounded canonical factorization. 

With the notation D± as in (|2.1ip , the first equality in ()2.12l) can be rewritten 

as 

GZ^G^D^ = G+^G+D+. 

Since the left/right hand side is invertible in (i/^F)"^", each of them is in fact an 
invertible constant matrix Z . This implies the first formula in ()2.11|) . □ 

According to (|2.1ip with D = I, two bounded canonical factorizations of G 
are related as 

G± = G±Z, where Z G C"''",detZ 7^ 0, (2.13) 

— a well-known fact. 

When n = 2, the results proved above simplify in a natural way. We will 
state only one such simplification, once again, for convenience of references. 



^Thc interpolation property of factorization 1121 Theorem 3.9] implies that in our setting the 
canonical Lp factorization of dj is the same for all p G (1, 00) but this fact has no impact on the 
reasoning. 
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Theorem 2.7. Let G be a 2 x 2 matrix function admitting a bounded factorization 
(|1.2p with one of the diagonal entries (say c?2j of positive type. Then the problem 
(|1.7p has non-trivial solutions in Hp for some p G [l,oo] if and only if di admits 
a representation di = di-d^^ with di± £ . If this condition holds, then all the 
solutions of p.7p are given by 

where g^ is the first column of G± in the factorization (|1.2|) and ip G is an 
arbitrary function satisfying ditp G . 

Proof. SufEcicncy. If di ~ di^di^ with di± G H^, then obviously di-f- ^ and 

= di+gi, 0- = di-g^ 

is a non-trivial solution to (|1.7p . 

Necessity. By Lemma [2T2l and Theorem 1 2. II the solution must be of the form 
0+ = ipg^ , (j)- = d\ipgi with ^ G \ {0}, diip G H~ . It remains to set c?i+ = ■0, 
di^ = diip. □ 

More interestingly, there is a close relation between factorization and corona 
problems. 

Recall that a vector function uj with entries wi , . . . , cj„ G satisfies the 
corona condition in C+ (notation: lu G CP^) if and only if 

inf (|wi(2)| + --- + K(z)|) >0. 

The corona condition in C~ for a vector function uj G {H^)" and the notation 
w G CP^ are introduced analogously. 

By the corona theorem, uj G CP^ if and only if there exists cj* = (cjj', . . . , w*) G 

)" such that 

OJiUjI + h t^n^^n = ^■ 

Theorem 2.8. If an n x n matrix function G admits a bounded canonical factor- 
ization, then any non-trivial solution of problem (jl.7p in (-ff^)" actually lies in 
CP^. 

Proof. Let G admit a bounded canonical factorization (j2.7p . By Corollary 12.41 
every non-trivial solution (p^ of (|1.7p is a nontrivial linear combination of the 
columns g^ , j ~ 1, . . . ,n. According to (|2.13p . any such combination, in turn, can 
be used as a column of some (perhaps, different) bounded canonical factorization 
of G. Being a column of an invertible element of (H^)"^"-, it must lie in GP^. □ 

The following result is a somewhat technical generalization of Theorem 12.81 
which will be used later on. 

Theorem 2.9. Let G be an n x n matrix function admitting a bounded factorization 
(|1.2p in which for all k = 2, . . . ,n either d^. = di ^ or d^^di^ is a function 
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of positive type. Then for any pair of non-zero vector functions (j)± G (i?^)" 
satisfying G(j)-\- ~ (j)-, G {H^)" , in fact stronger conditions 

di(j)+ e CP+, (p- e CP- (2.14) 

hold. In order for such pairs to exist, di has to be of non-positive type. 

Proof Let G = d^^G. Then, due to pT^ . 

G = G-DG+^ with D = diag[l, d^^d2, ... ,d^^d„], (2.15) 

which of course is a bounded factorization of G. 

Condition (/>_ = G(j)+ implies that = Gdi4)+, so that the pair 
is a non-trivial solution of the homogeneous Riemann-Hilbert problem with the 
coefRcicnt G. 

If di = (^2 = • ■ • = then (|2.15p delivers a bounded canonical factorization 
of G, so that the desired result follows from Theorem 12.81 If, on the other hand, 
di^d2T . . ■ ,d^^dn are all of positive type, then and 0_ differ only by a (non- 

zero) constant scalar multiple from the first column of G-\- and G_ respectively, 
according to Corollarv 12.41 This again implies (|2.14p . 

Finally, from dicjj^ e GF+ and </>+ G (-ff^)" it follows that d'^^ e that 
is, di is of non-positive type. □ 



The exact converse of Theorem 12.81 is not true. However, a slightly more 
subtle result holds. 

Theorem 2.10. Let G G be such that there exists a solution of problem (|1.7p 

in GP^ . Then the Toeplitz operators Tq on {H^)^ andT^etG on are Fredholm 
only .simultaneously, and their defect numbers coincide. 

Proof. The existence of the above mentioned solutions implies (see, e.g., compu- 
tations in [3] Section 22.1]) that 



G = X_ 



det G 
* 1 



where X± is an invertible element of (_ff^)^^^. From here and elementary prop- 
erties of block triangular operators it follows that the respective defect numbers 
(and thus the Fredholm behavior) of Tq and TdotG are the same. □ 

According to Theorem l2.101 in the particular case when det G admits a canon- 
ical factorization, the operator Tq is invertible provided that p.7p has a solution 
in GP^. For det G = 1 the latter result was essentially established in [T]. An alter- 
native, and more detailed, proof of Theorem l2 . 101 can be found in [S|, Theorems 4.1 
and 4.4. 

Let now B he a subalgebra of Loo (not necessarily closed in Loo norm) such 
that, for any n, a matrix function G G B"^" admits a bounded canonical factor- 
ization if and only if the operator Tq is invertible in {Hp)" for at least one (and 
therefore all) p G (1,cxd). There are many classes satisfying this property, e.g.. 
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decomposable algebras of continuous functions (see [8j[T2]) or the algebra APW 
considered below. 

Theorem 2.11. Let G £ B^^'^ with detG admitting a bounded canonical factoriza- 
tion, and let <f)± G (H^)^ be a non-zero solution to (jl.7p . Then G has a bounded 
canonical factorization if and only if (j)± S CP* . 

Proof. Necessity follows from Theorem 12.81 and sufficiency from Theorem 12.101 
The latter can also be deduced from [TJ Theorem 3.4] formulated there for G 
with constant determinant but remaining valid if dct G merely admits a bounded 
canonical factorization. □ 



3. AP factorization 

We will now recast the results of the previous section in the framework of AP 
factorization. To this end, recall that AP is the uniform closure of all linear combi- 
nations ^ CjCxj , Cj e C, with exj defined by (jl.6p . while these linear combinations 
themselves form the set APP of all almost periodic polynomials. Properties of AP 
functions are discussed in detail in [HIIII], see also [31 Chapter 1]. In particular, 
for every / e AP there exists its mean value 

Af(/)= lim ^ r f[t)dt. 

This yields the existence of /(A) M{e^\f), the Bohr-Fourier coefficients of /. 
For any given / G AP, the set 

f2(/) = {AeR: /(A)^0} 

is at most countable, and is called the Bohr-Fourier spectrum of /. The formal 
Bohr-Fourier series X]AGn(/) fi^)^>^ may or may not converge; we will write / S 
APW if it does converge absolutely. The algebras AP and APW are inverse closed 
in Loo] moreover, for an invertible / £ AP there exists an (obviously, unique) A G R 
such that a continuous branch of log(e_A/) £ AP. This value of A is called the 
mean motion of /; we will denote it k(/). 
Finally, let 

AP^ = {f eAP:nif)cW±}, 
where of course M.± = {x G R: ± x > 0}. Denote also 

APW^ = AP^ n APW, APP^ = AP"^ n APP. 

Clearly, 

APP^ C APW^ c AP^ c H^. 

An AP factorization of G, by definition, is a representation (|1.2p in which 
G± are subject to the conditions 

Gf^ G (^P+)"^", G*^ G (AP-)"^", (3.1) 
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more restrictive than (jl.Sp , and the diagonal entries of D are of the form dj = es- , 
i = l,...,n. The real numbers 5j are called the (right) partial AP indices of 
G, and by an obvious column permutation in G± wc may assume that they are 
arranged in a non-decreasing order: 5i < 82 < ■ ■ ■ < 5n- 

A particular case of AP factorization occurs when conditions (|3.ip are changed 
to more restrictive ones: 

or even 

G (APP+)"^", G±i € (APP-)"''". 

These are naturally called APW and APP factorization of G, respectively. 
Of course, G has to be an invertible element of AP"^" (APVF"^", App"x») in 
order to admit an AP (resp., APW, APP) factorization. Moreover, the partial 
AP indices of G should then add up to the mean motion of its determinant: 

5i + -- - + 6n = K{dctG), (3.2) 

as can be seen by simply taking determinants of both sides. 

All the statements of Section [2] are valid in these settings, and some of them 
can even be simplified. For instance, a diagonal element of D is of positive, neg- 
ative or neutral type (in the sense of definitions (|2.4p . (|2.5p ) if and only if the 
corresponding partial AP index Sj is respectively positive, negative or equal zero. 

Corollarv l2.4[ for example, applies to j4P-factorable matrix functions G with 
non-negative partial AP indices. Formulas (|2.6p imply then that all solutions of 
(fLT)) in (H^)" are automatically in (AP±)" (and even {APW^)'^ or (y4PP±)", 
provided that G is respectively APW- or APP- factorable). 

Lemma [2.51 takes the following form. 

Theorem 3.1. An nxn matrix function G admits a canonical AP (APW) factor- 
ization if and only if there exist n solutions {'^'j i^J) to (|1.7p in [AP^)" (resp., 
{APW^)^ ) , such that dei[4'f' ■ ■ ■ il'n] ^'^s bounded from zero in C^. 

The respective criterion for APP factorization is slightly different, because 
APP^, as opposed to AP^ and APW^, are not inverse closed in H^. Moreover, 
the only invertible elements of APP^ are non-zero constants. Therefore, we arrive 
at 

Corollary 3.2. An nxn matrix function G admits a canonical APP factorization 
if and only if there exist n solutions {'^'j^'i'j) to (jl.7l) in {APP^)'" with constant 
non-zero det[V'^ . . . ipn] ■ 

Similarly to the case in Section [2l for matrix functions G with constant 
determinant the condition on det['0j'^ . . . ip^] holds whenever at least one of them is 
non-zero at just one point of Uffi. All non-trivial solutions to (|1.7p are actually 
in GP^, as guaranteed by Theorem 12.81 
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Theorem 1 2. II of course remains valid when G admits an AP factorization; the 
only change needed is that dj in formulas (|2.ip , (|2.3p should be substituted by eg . 
For the homogeneous problem (|1.7I) this yields the following. 

Theorem 3.3. Let G admit an AP factorization (|1.2p . Then the general solution 
of problem (jl.7p in {H^Y^ is given by 

</>+ = X! ^-J'^J^' 'l^- ^Yl ^idj , (3.3) 
j j 

where the summation is with respect to those j for which Sj < 0, ipj are constant 
whenever Sj ~ and satisfy 

ipj e iJ+ n e^SjH^ whenever Sj < 0. (3.4) 

Observe that (f>± given by p.3p belong to AP" if and only if condition p.4p 
is replaced by a more restrictive 

(where by convention tpj = if 5j > 0), since 

V':=(^',) = g;V+ = ^"'g:V-. (3.5) 

Moreover, if in fact G is APW factorable, then the functions (|3.3p arc in 
APW" if and only if 

^I^jGAPW, c[0,-Sj]. 

Solutions of pr?)) in (i/^)" are automatically in AP (APW) if G is AP- (rcsp., 
APW-) factorable with non-negative partial AP indices, since in this case S 
APP~ and implies that -0 e C". On the other hand, if G is APW factorable 
with at least one negative partial AP index, then all three classes are distinct. 
Indeed, for any j corresponding to 6j < there is a plethora of functions ijjj 
satisfying p.4p not lying in AP, as well as functions in AP \ APW with the 
Bohr- Fourier spectrum in [0, —Sj]. 

The case of exactly one non-positive partial AP index is of special interest. 

Corollary 3.4. Let G admit an AP factorization with the partial AP indices 5i < 
<S2<--- ■ Then all solutions to ((TT]) in (i?+)" (AP"- , APW") are given by 

0+ = f9i, 0- = esjgi, (3.6) 

where f is an arbitrary function such that e^^f € (resp., f £ AP or 

f e APW and n{f) C [0, -Si]). 

For n = 2 the reasoning of Theorem l2. 91 suggests an appropriate modification 
of (|1.7p for which some solutions are forced to lie in AP. Recall our convention Si < 
62 according to which the condition on di, d2 in Theorem 1 2 . 91 holds automatically. 
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Theorem 3.5. Let G be a 2 x 2 AP factorable matrix function with partial indices 
5i, 52 (5i < 62). Then any non-zero pair (0+, (/>_) with G {H^Y H e^Si {H^Y, 
~ G4>+ G (H^Y satisfies 

and in order for such pairs to exist it is necessary and sufficient that Si < 0. // 
^2 > Si, all those solutions have the form 

(f)+ = ce^Sidt 1 0- " (^9i wi'^f^ c G C \ {0}. 
For 82 ~ Si, and are the same non-trivial linear combinations of the 
columns of e^SiG+ and G-. 

Of course, Theorem |33] holds with AP changed to APW or APP everywhere 
in its statement. 

Recall that a Toeplitz operator with scalar AP symbol / is Fredholm on 
for some (equivalently: all) p G (1, 00) if and only if it is invertible if and only if / 
is invertible in AP with mean motion zero. Therefore, Theorem 12. 101 implies 

Lemma 3.6. Let G G AP^^^ be such that there exists a solution of (|1.7p in CP^ . 
Then the Toeplitz operator Tq is invertible on (HpY, 1 < p < 00, if and only if 
K(detG) = 0. 

Passing to the APW setting, we invoke the result according to which To 
with G G APW^^" is invertible if and only if G admits a canonical AP (or 
APW) factorization. Lemma [3.61 then implies (compare with Theorem I2.1ip : 

Theorem 3.7. Let G G APW^^^. Then G admits a canonical AP factorization if 
and only if K{detG) = and problem (|1.7|) has a solution in GP^. If this is the 
case, then every non-zero solution of (|1.7p is in {APW^Y ^ GP^ . 

The first part of Theorem [3J] for G with det G = 1 (so that ^(det G) = 
automatically) is in [5] (see Theorem 23.1 there). Essentially, it was proved in [T], 
with sufficiency following from Theorems 3.4, 6.1 and necessity from Theorem 3.5 
there. 

Our next goal is the APW factorization criterion in the not necessarily canon- 
ical case. 

Theorem 3.8. Let G be a 2 x 2 invertible APW matrix function. Denote 5 = 
K(dct G) . Then G admits an APW factorization if and only if the Riemann-Hilbert 
problem 

e_8_Gil}+ ij±e (APW^Y (3.7) 

admits a solution {ipj^^^^) such that 

-4)+ := e_^V+ e GP+ for some S > and ^jj^ G CP^. (3.8) 

// this is the case, then the partial AP indices of G are Si = —5 + ^, §2 = S + ^ 
and the factors G± can be chosen in such a way that ?/;+ is the first column of G+ 
and ip_ is the first column of G_ . 
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Proof. If G admits an APW factorization, then 5 = 5i + 82 due to (|3.2p . In its 
turn, ipj^ — es_g_^g^ , '(/'- = 9i is a solution of p. 71) if | — (5i > 0. It remains to 
set (5 = I — (5i in order to satisfy (|3.8p by analogy with Theorem 13.51 Formulas 
(5i = I — (5, (52 = I + ^ for the partial AP indices then also hold. 

Suppose now that (|3.7p has a solution for which p.Sp holds. From the corona 
theorem in the APW setting (see |3l Chapter 12]), there exist h± = {hi±, ft-2±) G 
(APW^)^ such that 



In other words, the matrix functions 



5^1+ 



^1 + 



and iJ_ 



^1- 



-h2- 



(3.9) 



(3.10) 



have determinants equal to 1 and are therefore invertible in {APW'^)'^^'^ and 
{APW^y^^ respectively. Thus the matrix functions Gi = HZ^GH^ and G are 
only simultaneously APW factorable, and their partial AP indices coincide. 
For the first column of C?i, taking p.9p into account, we have 



e^~,HZ^G^+ 



.HZ't/j- 







Thus the second diagonal entry in Gi must be equal to 



7-65+47+ \ 



where 

det G = 7-657+"'" 
is a factorization of the scalar APW function det G. Consequently, 

I II e s ? u I 1 1 i ^ 

Gi 







7- 



9 







es 







74 



(3.11) 



with g G APW given by g = [1 0]G'i[0 7+]"^. Finally, the middle factor in the 
right-hand side of p. lip is APW factorable with the partial indices 5 — <5, | + ^ 
equal to the mean motions of its diagonal entries: 



es 







+.5 





■ 1 .9- ■ 








■ 1 


-.9+ 


-1 




1 




"^^+6 _ 







1 





The only condition on g± E APW^ is 

gsg-^ =5+ +5-635, 



(3.12) 



(3.13) 



and it can be satisfied since ^ > 0. Clearly, making use of (|2.13p we can always 
choose G± in such a way that ■0+ is the first column of G+ and is the first 
column of . □ 
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The proof of the preceding theorem provides, via (|3.10p . p.lip - p.l3p . for- 
mulas for an APW factorization of G = HZ^GiH^, in terms of the solutions to 
p.7p and the corona problems p.9p . 



4. Applications to a class of matrices with a spectral gap near zero 



G 



(4.1) 



We consider now the factorability problem for a class of triangular matrix func- 
tions, closely related to the study of convolution equations on an interval of finite 
length A (see, e.g., [3l Section 1.7] and references therein), of the form 

e-A 
9 ex 

Throughout this section we assume that 

g = a^e^p + a+e^ for some a± £ and < i^, /3 < A, ly + (3 > 0. (4.2) 

Representation (|4.2p . when it exists, is not unique. In particular, it can be 
rewritten as 

g = a_e_^ + a^ep 

with 

i> G [0,1/], /3 G [0,/3], a+ = a+Cij-o, d- = a_e^_^. (4.3) 

Among all the representations (|4.2p choose those with the smallest possible 
value of 

A 



N = 



(4.4) 



where as usual [x] denotes the smallest integer which is greater or equal to a; G 
Of course, > 1 due to the positivity of -jt^^- 
Formula (|4.4p means that 

A 



N -1< 



< N. 



Decreasing P^v as described in (j4.3|) . we may turn the last inequality into an 
equality. In other words, without loss of generality we may (and will) suppose that 

A 



1^ + 13 



= N 



(4.5) 



is an integer. 

We remark that even under condition (|4.5p representation (|4.2p may not be 
defined uniquely. 

Given iV > 1, we denote by S\^n the class of functions g satisfying (|4.2p . 
~5l) for which 



b+ e g a_ G 



6_ := 



^a+Gi/- ifiV>l. 



(4.6) 



By &\.N we denote the class of 2 x 2 matrix functions G of the form (|4.ip with 

9 G Sx^jy. 
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Remark 4.1. If g G 5a, at with N > 1, then necessarily in (|4.2p /3,i^ > 0. Indeed, 
if say ly ~0, then (|4.6p implies that a_|_ is a constant. Consequently, g G H^, and 
setting a- = g, a+ = 0, f3 = 0, v — X in (|4.2p would yield N = 1 — a contradiction 
with our convention to choose the smallest possible value of N . Note also that, due 
to (j4.6|) . a± are entire functions when N > I. 

We start by determining a solution to ()1.7p for G in G\^n- 

Theorem 4.2. Let G G &\.n, with g given by (|4.2p . Then 

= eA-. ((-iFar'^'a- ^-3^) ' </'2+ - , (4.7) 

0i_=e_A0i+ , ^2- = {-lf-^a'l (4.8) 

deliver a solution (f>± = (0i±,02±) t/ie Riemann-Hilbcrt problem (jl.7|) . 
Proof. A direct computation based on the equality 

AT-l 

+ (-1)^-1?;^ ^i^ + y)Yl ii'^y^''-'-' y') 

3=0 

shows that Gcj)-^ ~ 0_. Obviously, 02± G H^. So, it remains to prove only that 
4'i± G H^. For = 1, this is true because the definition of 01+ from (|4.7p 
collapses to 0i+ = e^. The case iV > 1 is slightly more involved. 
Namely, for TV > 1 from (|4.6p it follows that 

e^a_ = 5+ G 

AT — 1 

so that 

w-i 

^^1+= E ((-lF«r'-^'&ie,.^-^e,_(,.+,).) Gi?i. (4.9) 
Analogously, from 

e !^a+ = 6_ G II~ 

we have 

= ((-1)^- --,(-,4-^)) e i/^ . (4.10) 

3=0 

□ 

This theorem, along with Theorem 12.101 allows to establish sufficient condi- 
tions, which in some cases are also necessary, for invertibility i n (iJ+ )^, p > 1, of 
Toeplitz operators with symbol G G &\.n- To invoke Theorem 12.101 however, we 
need to be able to check when the pairs (0i±, 02±) defined by (|4.7p . (|4.8p belong to 
CP+ or CP~ . The following result from [i] (see Theorem 2.3 there) will simplify 
this task. 
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Theorem 4.3. Let a 2 x 2 matrix function G and its inverse G ^ be analytic and 
bounded in a strip 

S" = e C : -£2 < ImC < ei} with £i, £2 G [0, +oo[ , (4.11) 

and let (j)± G {H^f satisfy (fTTT)) . Then G CP+ (resp. 0_ G CP^ ) if and only 

inf (|(/)n.| + |(/.2+|) >0 (resp., inf | + |02- 1) > o) (4.12) 

C++iei \ C--ie2 J 

and one of the following (equivalent) conditions is satisfied: 

inf(l0i+| + 102+1) > 0, (4.13) 
inf(|,^i_| + |</)2-|) > 0. (4.14) 

Here and in what follows, we identify the functions 0i+, (t>2+ (resp., , (t>2-) 
with their analytic extensions to C"*" — ie2 (resp. C"^ + iei) and, for any real- valued 
function (j) defined on S, abbreviate inf^gg (kiC) to infg 0. 

We will see that for G G &\,n, N > 1, the behavior of the solutions "at 
infinity", that is, condition (|4.12p for sufficiently big £1,62 > 0, is not difficult to 
study. Therefore, due to Theorem 14.31 wc will be left with studying the behavior 
of 0+ or in a strip of the complex plane. According to the next result this, in 
turn, can be done in term of the functions a± from (|4.2p or, equivalently, of g± 
defined by 

It should be noted that, for > 1, a± and g± are entire functions. Moreover, even 
if the behaviour of a+ and a_ in a strip S may be difficult to study, it is clear from 
(|4.7|) and (|4.8p that this is in general a much simpler task than that of checking 
whether (|4.12p is satisfied using the expressions for (/>i±,02±- 

Lemma 4.4. Let G G &\,n for some N > 1, and let (f>± be given by (j4.7|) . (|4.8p . 
Then for any strip (|4.1ip we have 

ini{\(f>i+\ + 102+1) > ^ inf(|a+| + |a_|) > ^ inf(|.9+| + > 0. (4.15) 

Proof. Since the last two conditions in (|4.15p are obviously equivalent, and (|4.13|) 
is equivalent to (|4.14p due to Theorem 14.31 we need to prove only that 

inf(|0i+| + 102+1) > ^ inf(|a+l + |a-|) > 0. 
Suppose first that 

inf(|a+(e)| + |a-(e)|)=0. 

Then there is a sequence {^n}nGN with ^„ G S such that a+(^„) and 
fl-(Cn) 0. Taking into account the expressions for 01+, 02+ given by (|4.7p . we 
must have 0i+(Cri) and 02+ (6i) ^ 0- Therefore, 

inf(|0i+(C)| + |02+(e)|)=O. 
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Conversely, if 

inf(|(/.i+(C)| + |</.2+(e)|)-0, 

then for some sequence {^„} with ^„ e S for all n G N, we have (/>i+(Cn) ^ 
and 4>2+{£,n) 0. Thus, from the expression for <j>2+ given by (|4.7p . it follows 
that a+(^„) — >■ 0. From the expression for </)i+ in (|4.7p . we then conclude 

N-2 

Since 0i+(^„) — >■ and a+(^„) — > 0, then also a_(^„) — > and therefore 

inf(|a+(Ol + |a-(Ol)=0. 

□ 

We can now state the following. 

Theorem 4.5. Let G E &x^n for some N eN, and let 4>± be the solutions to (|1.7p 
given by (|i?7)) . T/ieri; 

(i) : For iV = 1, 0± e CP=^ i/ and onZy if 

inf |a+|>0. inf |a_ | > /or some ei, £2 > 0. (4.16) 

C++z£i ' C--ie2 

(ii) : For N > 1, (j)± e CP^ if and only if, with fe- defined by (|4.6p . 

inf (|6+| + |a+|) > , inf (|6_| + |a_|) > /or some £1, £2 > (4.17) 

C++iei C--ie2 

ami, for any S of the form ()4.1ip , 

inf(|a+| + |a_|) > 0. (4.18) 

Proof. Part (i) follows immediately from the explicit formulas 

(e/3 , -a+) , 0- = (e-i. , a_). (4.19) 

(ii) For iV > 1 we have, from (|4J| - (|4?T0| . 

N-2 

i=o 

01- = ^'^"'+E </'2- = (-l)^-^«^. (4.21) 

Since ly, (3 < X when > 1, we see that for any sequence {Cn } with ^„ G C+ and 
Im(,f„) +CX), 

|0i+-(-ir-'&r'l(,„)^O' (4.22) 
and, for any sequence {^n} with ^„ G C~ and Im(^„) — > —00, 
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It follows from (|420)) ~ (|4!23)) that there exist ei, £2 > such that (|4l7l) holds 
if and only if there exist ei, £2 > such that (|4.12[) holds. Moreover, by Lemma 
(j4.18p is equivalent to (|4.13p . thus the result follows from Theorem 14.31 □ 

Note that detG = 1 for all matrix functions of the form (|4.1[) . Therefore, 
Theorems I2.10[ 12.111 and 14.51 combined imply the following. 

Corollary 4.6. Let the assumptions of Theorem 14.51 hold. Then condition (j4.16p 
(for N ^ 1) and (|4T7l) . (|4J^ (for N > 1) imply the invertibility of To- The 
converse is also true (and, moreover, G admits a hounded canonical factorization) 
provided that G £ B'^^'^ . 

For = 1, this result was proved (assuming A = 1, which amounts to a 
simple change of variable) in [6], Theorem 4.1 and Corollary 4.5. 

For the particular case when a_ (or a+) is just a single exponential func- 
tion, condition (|4.18p is always satisfied and we can go deeper in the study of 
the properties of Tq. Before proceeding in this direction, however, it is useful to 
establish a more explicit characterization of the classes S'a.at under the circum- 
stances. Without loss of generality, let us concentrate on the case when a_ is an 
exponential. 

Lemma 4.7. Given A > 0, let 

5 = e_,+.g+, (4.24) 

where 17+ G is not identically zero, and < cr < A. Then g G Sx_n for some 
N if and only if 

e-^g+ G H+, e^_N_^g+ G (4.25) 

for some 



V G 



A A A^- 1 
a, a 

N ' N N 



(4.26) 



(of course, the second condition in (|4.25p applies only for N > 1). 
Note that conditions (|4?25)) . (l426l) imply 

e-^+a9+ e H+, e__^^^g+ G H^, 
and therefore may hold for at most one value of N. 

Proof. Necessity. Suppose g G S'a.jv- Comparing (|4.2p and (|4.24p we see that 

a^=ep-a&H:^, a+^e^^g+eH+. (4.27) 
On the other hand, (|4.6p takes the form 

e_iv_^_^ G H+, e__«_,5+ G H^. (4.28) 

The first containments in (|4.27p . (|4.28p are equivalent to 

TV- 1 
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which along with (|4.5p yields that i/ = — /3 satisfies (|4.26p . The second contain- 
ments in (11271), then imply (g^B- 

SufRciency. Given ((425l) . (|4726l) . let /3 ^ ^-i^, and define a± by ((427|) . Then 
(1121), (gH) and dlH) hold (the latter for iV > 1). □ 

Theorem 4.8. Let G be given by (|4.ip loit/i g of the form 

.9 = e-CT + e^a+, ^, cr > 0, a+ G iJ+ , (4.29) 

where fi + a > A. T/ien t/ie Toeplitz operator Tq is invertible if (and only if, 
provided that G e B^^'^) 

/i + (7 = A and inf |a+| > for some e > 0, (4.30) 
and Tq is not semi-Fredholm if /j, + a > A. 

Proof. Condition (|4.29p implies that g G Sx^i with j3 ^ a, v ~ X — a, and a solution 
to (|1.7p is given by 

0+ = (eo-, -e,i+o— Aa+), = (bct-a, 1). 

Clearly, </>_ e CP", while e CP+ if and only if (|430l) holds. The part of the 
statement pertinent to the case X = a + fj, now follows from Theorems I2.10[ 12.111 

For ii+<7 > A, following the proof of [51 Theorem 5.3] observe that ^—^^^^^cjjj. (z) 
deliver a solution to (jl.7p in Lp, for any 7 between and min{cr, /i + cr — A}. Thus, 
the operator has an infinite dimensional kernel in (iJ+)^ for any p G (1, 00). 

Denote by G^^ the transposed of G^^. A direct computation shows that for 
the matrix under consideration, due to its algebraic structure, 

(4.31) 

Therefore, the operator Tq-t also has an infinite dimensional kernel. But this 
means (see, e.g., [TH Section 3.1]) that the cokernel of Tq is infinite dimensional. 
Therefore, the operator Tq is not even semi-Fredholm on (i7+)^, 1 < p < 00. □ 

Theorem 4.9. Let, as in Theorem \4:.8\ (|4.ip and ()4.29p hold, but now with 
' X X N -1 ' 



T _ 





-1 


G 


■ 1" 




1 





-1 



At G 



(T, 

N ' N 



N 



and e__t_ai G 



for some integer N > 1. Then Tq is invertible if (and only if, for G G B^^'^) for 
some £ > one of the following three conditions holds: 

a + fi = ^ and inf |a+| > 0, (4.32) 



N 



^ J ■ r 

a + u = — and mt 

N ^ N C--ie 



iV-l ' 



> 0, 



(4.33) 



inf |a_|_| > 0, and inf 

C++ie C--it 



e 1^ ga 

N-l ' 



> 0. 
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//, on the other hand, 

<T + ^> ^ and es__H_a+ e H- (4.34) 

or 

^ o- + < ]^ "'^'^ e^sa+ e (4.35) 
for some 6 > 0, then Tq is not even semi-Fredholm. 

Proof. According to Lemma 14.71 G G &\.n- Moreover, one can choose in (|4.2p 



v~^, ^ and a_ = e a,_^_^. Then formulas (|4.7p . (|4.8p yield the 

following solution to (|1.7p : 

N-l 



i=0 



02+ = - a+ , 



02- =(-l)^"^eA_Ar(^+,,). 

Clearly, (0i_, 02-) G CP^ if and only if the first condition in (|4.32p or the second 
condition in (|4.33p holds. Similarly, (01+, 02+) G CP+ is equivalent to the first 
condition in (|4.33p or the second condition in (|4.32p . Since the first conditions in 
()4.32p . (|4.33p cannot hold simultaneously, the statement regarding the invertibility 
of Tg now follows from Theorems EUHl EHH 

If (|4.34p or ()4.35p holds, then 0_ = e_|0_ or 0+ = e^0+ with 5 > 0, 

0+ G (H^)"^, respectively. It follows that the kernel of Tq is infinite dimensional, 
as in the proof of Theorem 14.81 Using (|4.3ip , wc in the same manner derive that 
the cokernel of Tq also is infinite dimensional. So, Tq is not scmi-Frcdholm. □ 



5. AP matrix functions with a spectral gap around zero 

The results of the previous section take a particular and, in some sense, more 
explicit form when considered in the almost periodic setting. The first natural 
question is, which functions g G AP belong to S\^n for some TV G N, with a± G 
AP^ in (gig). 

According to Remark 14.11 we may have G ^{g) only if = 1 and, in 
addition, g = a- + a+ex with G fl{a-) or g ~ a_e_A + a+ with G fl{a+). 
In either case the operator Tq is invertible, as can be deduced from the so called 
one sided case, see [21 Section 14.1]. The easiest way to see that directly, however, 
is by observing that problem (|1.7p has a solution on CP^: 0-|_ ~ (1, — a_|_), 0_ = 
(e_A,a-) in the first case, 0_|_ = (e^,— a+), 0- ~ (l,a_) in the second. 
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Therefore, in what follows we restrict ourselves to the case ^ ^{g)- Then 

g = 9-+ 9+ with g± G AP^, ^ n{g±) (5.1) 
with g± uniquely defined by g. Comparing with (|4.2|) . we have 

.9+ = a+e,., 5_ = a_e_^. (5.2) 

Let 

7yi_ = -suprj(5_) , 772- = -inf rj(5_), (5.3) 

771+ =inf^2(5+) , 7?2+ = supO(g+). (5.4) 

Here r2((7+), — r2(f/_) are thought of as subsets of M+ (possibly empty), so that 
f7i±, »72± e [0, +00] U {-00}. 

Theorem 5.1. Let g be given by (|5.ip . T/ien 

(i) g £ S'a,i «/ and only + > ^1 

(ii) g G S\^N with N > 1 if and only if 

X 



N 
while 



(5.5) 



N ~l N -I A , , 

m- > — ^f72-, m+ > -^^V2+, m+ + m- < ^ _ (5-6) 

Under these conditions, any v satisfying 

( X N -I ] r A - (TV - 1)772- 1 

M max <^ — - ^ 772+ ^ < < mm <^ 771+, ^^^^ ^ 771 

(5.7) 

and 



deliver a representation 

Proof, (i) If (? G Sa.!, then from (|5.2p with v + jS = X\i follows that 77i_|- +771- > A. 
Conversely, setting aj- = if g± = 0, a+ = p+e_,,j^, a_ = g_eA-T;i+ if .9+ 7^ 0, 
and a+ = (;+e_A+T;i_, = g~^vi- if .9- 7^ Oj we can write g as in (|4.2p with 
v + 13 = X, so that g G S'a,!- 

(ii) Necessity. Formulas for a± in (|5.8p follow from the uniqueness of g± in 
the representation (|5.ip . The condition a± G i/^ is therefore equivalent to 

I3<m-, v<Vi+- (5.9) 
Conditions (j4.6p . in their turn, are equivalent to 

iV-1 AT-l 

P>^^V2-. v>^^m+- (5.10) 
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Comparing the respective inequalities in (|5.9p and (|5.10p shows the necessity of 
the first two conditions in (j5.6p . To obtain the third condition there, just add the 
two inequahties in (|5.10|) : 



and compare the resuh with (|4.5p . 

On the other hand, adding the inequahties in (|5.9|) yields, once again with 
the use of 

^ p + iy <vi+ + m-- 

So, 

A . A 



<iV<l + . (5.11) 

m+ + vi- 112+ + 

If at least one of the inequalities rj2± > jyii holds, the difference between the right- 
and left-hand sides of the inequalities ()5.11|) is strictly less than 1, and therefore 
an integer is defined by (|5.11l) uniquely, in accordance with (|5.5p . Otherwise, 
ryii = ri2±, which means that g = cie^j_ + C2e,,j^ with ci,C2 S C \ {0}. Since by 
definition N is the smallest possible number satisfying (14.41) with v, /? such that 
(|4.2|) holds, we arrive again at (|5.5|) . 

Sufficiency. Let (|5^ hold for TV defined by (f53|) . Then m. A/ defined in (fOj) 
satisfy M < to, so that v may indeed be chosen as in (|5.7p . With such i^, and a± 
defined by dH!]), we have (g^), (031), and gH). □ 



The results of Theorem 14.51 and Corollary 14. 6[ combined with Theorem 15.11 
yield the following. 

Theorem 5.2. Let g G Sx^n be written as (|5.ip . and let rij± (j = 1,2) be defined 
by (|5.3p - (|5.4|) . Then the Toeplitz operator Tq with symbol G given by (j4.1|) is 
invertible if (and, for g G APW , only if) one of the following conditions holds: 

(i) : TV = 1 and 

?7i+eJ7(g+), -7;i_ G f7(5_), ?7i++7?i_ = A; (5.12) 

(ii) : iV > 1 and 

771+ e ri(.g+) , e f7(5_) , 771+ + 7]i_ = 4 ; (5-13) 



(iii): > 1 and 



(iv): TV > 1 and 



N 



N 

vi+, m+ e ^{g+) , ?72+ = ^ _ ; (5.14) 



77i_,-?72_ e rJ(g-) , ??2- ^ ^ _ 2 ' (^--^^^ 
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(v): iV > 1 and 



m+ e ^{9+) , -m- e ri(.g-) , m+ + V2- = jif—j ' (^-i^) 

and, whenever N > 1, 

inf(|(7+| + 1,9-1) > for any strip S of the form (|4.11|) . (5-17) 

Proof For = 1, (|5TT2)) is equivalent to (|4?T6| . 
For > 1, setting 

a_ = ej^_^g^ and a+ = e_^g+ (5.18) 

where /? = — j/. wc deduce from (|4.6I) that 

&_ = e__Nv_ and 6+ = e A-jv,,- g_. (5.19) 



Hence 



A'/(a+) 7^ if and only if r/i+ = ;^ G fi(g+), 

M (6+) 7^ if and only if - 7^2- = - e ^^(ff-), 

M(a_) 7^ if and only if - 7yi_ = - G fi(g_), 

M (6_) 7^ if and only if r/2+ = -^;^:7Y £ ^^(.9+)- 

Thus, the first inequality in (|4.17p holds if and only if either 7^1+ = v ^ ^{9+) or 
—772- = — ^j^^i £ ^^(.9-), and the second inequality in (|4.17p holds if and only if 
either -7?i_ = - ^ e ^{9-) or 7/2+ = ^ ^(.9+)- 

Taking now 771+ = G ^^(.9+) and — /yi- = ly — ^ G r2(g_), we get the 
equivalence of (|4.17p and (|5.13p : taking 771+ = G ^{9+) and 772+ = —^zj £ 
ri(.g+), we get the equivalence of (|4.17p and (|5.14p : taking -7/2- = -^w^ '= ^(.9-) 
and —7/1- = — G f2(g_), we get the equivalence of (|4.17p and (|5.15p : taking 
—772- = — ^j^^i e ^(.9-) and 772+ = '^w^ ^ ^(.9+)j S^t the equivalence of 
(|4.17p and (|5.16p . Thus, we see that (|4.17p is equivalent to one of the conditions 
(ii)-(v) of the theorem being satisfied. 

The result now follows from Theorem 14.51 and CoroUarv 14.61 and the second 
equivalence in (|4.15p . □ 

From (|5.7p it follows that in the case (ii) we have v ^ w ^ ^ ''1+ ^^"^ 
therefore 

A > max{iV7;i_ + {N - l)7n+,Nr]i+ + (N - 1)772-}, 
in the case (iii) we have z/ = 772+ = 771+ so that 

A^7/i+ + (A^ - 1) 7/2- < A < A^7/i_ + {N- 1)772+, 
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in the case (iv) we have = — ~ ^ ^ -^v^ V2- and therefore 

Nr]i^ + {N- l)r]2+ < A < N7n+ + {N - 1)772-, 

in the case (v) we have ~ ?/2+ = 'W ^ ^'2- so that 

A < mm{Nrn^ + {N - l)r/2+,iVrn+ + {N - l)m-}- 

We also note that if A = 771 _ + (iV— 1)772+, then condition (|5.14p is equivalent 
to ^ 

771+, 772+ e r2(g+) , 771+ + 7/i_ = — ; (5.20) 
while condition (|5.15p is equivalent to 

-'Vi-,~V2~ &^{g^) , m+ + m~ = ^ ■ (5-2i) 

If A = iV7/i+ + (iV — 1)772-, then condition (|5.14p is equivalent to (|5.2ip . while 
condition ()5.15p is equivalent to (|5.20p . 

Observe that necessity of conditions (|5.12p - (|5.16p persists for g e AP without 
an additional restriction g 6 APW . To sec that, suppose that Tq is invcrtiblc in one 
of the cases (i)-(v) while the respective condition (|5.12p - (|5.16p fails. Approximate 
5 by a function in APW with the same •qj± and so close to g in the uniform 
norm that the respective Toeplitz operator is still invertible. This contradicts the 
necessity of (|5.12p - (|5.16p in the APW case. 

It is not clear, however, whether the condition (|5.17p remains necessary in 
the AP setting. 

RemEirk 5.3. Part (i) of Theorem \5.2\ means that, forTc to be invertible in the case 
when the length of the spectral gap of g around zero is at least A, it in fact must 
equal A and, moreover, both endpoints of the spectral gap must belong to ^l{g). In 
contrast with this, for N > 1 according to parts (ii)-(v) Tq can be invertible when 
one (or both) of the endpoints of the spectral gap around zero is missing from ^l{g), 
and the length of this spectral gap can be greater than X/N . 

For g £ APW Theorem 15 .21 delivers the invertibility criterion of Tq, and thus 
a necessary and sufhcient condition for G to admit a canonical APW factoriza- 
tion. Using Theorem 13.81 however, will allow us to tackle the non-canonical AP 
factorability of G as well. 

We assume from now on that g £ APW is given by (|5.ip . so that in fact 
g± e APW^, and that g e 5a, at as described by Theorem 15. II 

In the notation of this theorem, for = 1 we have 771+ + 771- > A — the so 
called big gap case, — and a solution to (|1.7p is given by 

0+ = (eA-i/, -e-,.+^i+.g+), (5.22) 

= {e-i,,ex-v-ni-9-), (5-23) 

where 



g+ = e-m+9+ (0 = inf f7(.9+)), 
9- = ern-9- (0 = sup rj(g_)). 



(5.24) 
(5.25) 
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max{0, A — rji^} < v < min{?/i_|-, A}. (5.26) 

Knowing these solutions and using Tlieoreni l3.4l with / e APW'^ as in (|3.6p . 
we will be able to complete the consideration of AP factorability in the big gap 
case. 

It was shown earlier (see [31 Chapter 14], [3 Theorem 2.2]) that G is APW 
factorable if, in addition to the big gap requirement rji^ + rji^ > A, also 

?7i+ e n{g+) or T]i+ > A, -7]i_ £ 0(,9_) or 77i_ > A. (5.27) 

However, the AP factorability of G if A > ^ ^{9+) or A > rji- ^ —rt{g^) 
remained unsettled. As the next theorem shows, in these cases G does not have 
an AP factorization. 

Theorem 5.4. Let g G APW be given by (|5.1|) . with rii± defined by (|5.3|) . (j5.4|) and 
satisfying 771+ + 7?i- > A. T/ien f/ie matrix function (|4.ip ?s factorable if and 
only if (|5.27p holds. In this case G actually admits an APW factorization and its 
partial indices are ±/i with 

^ = min{A, 771+, 771+ + - A}. (5.28) 

/n particular, the factorization is canonical if and only if 7/i_|_ = or 7/i_ — or 
r]i+ + 77i_ = A. 

Proof. Sufficiency. Although it was established earlier, we give here a (much) 
shorter and self-contained proof, based on the results of Theorem 13.81 Namely, 
if ((07| is satisfied, then ([5^22)) - ([06| hold with = Ta.m.n{g+) = maxn{g_). 
Writing 



e^j'0+ with /ii = min{A — 7^, — 7^ + 7^1+}, 
7/)- with fi2 = min{7^, rji^ + v — A}, 



we see that iP± G APW^ n GP± and 

Ge^i+^2'/'+ = i^- 



so that, according to Theorem 13.81 G admits an APW factorization with partial 
indices ±/i where 

/i = /^i 4-/^2 = min{A,7]i+,77i_,7yi+ + rji- - M 

(as can be checked straightforwardly). 

Necessity. Suppose that ^{g+) ^ 1]!+ < A; the case —il{g+) ^ 771- < A can 
be treated analogously. Then a solution to (jl.7p with 0± G [APW^)'^ is given by 

(loii - doel) . 

It follows from these formulas that 02+ — ~e-iv+77i+.9+j where — + 7/1+ > 
due to (|5.26p . On the other hand, ^ ^{g+) because 7^1+ ^ f2(g+). Therefore, for 
any e > and u = t;i+ there is G M''^ such that 

inf 102+1= inf |e_^+^,_^g+| < e 

C++J.J/e C++4ae 
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and 




inf \e\ 



< e. 



Thus 0+ ~ {4>i+,(f>2+) ^ CP+ and wc conclude from Theorem 13 . 71 that G cannot 
have a canonical AP factorization. 

Now, if G admits a non-canonical factorization, which must have partial 
AP indices ztfj, with /i > 0, then according to Corollary 13.41 we have (|3.6|) with 
/ e AP~^, ^(/) C [0, /i]. Denoting = {gfii 921)1 ^-i^^ considering in particular 
the first component of (/)+ , wc thus have from ()5.22p : 



Consequently, the Bohr-Fourier spectrum of g^^ also is bounded, and (|5.29p there- 
fore holds everywhere in C. In particular, / and g^^ do not vanish in C. But then 
(see [9l Lemma 3.2] or [11] p. 371]) Q{g^^) must each contain the maximum 

and the minimum element, which implies that 

maxn{f) + niaxil(gj*j^),minil(/) + niinn{g^^) G n{fg^i) = {A — i/}. 

We conclude that minri(/) = ma.xil{f) and thus / = for some 7 € [0, ^]. 
But then, from ([O^ and (j^ . 

which is impossible when ^ ?7i+ < A. Indeed, in this case A — — 7 > 

771+ — — 7 > and ^ 

Finally, the criterion for the AP factorization of G to be canonical, when it 
exists, follows immediately from formulas (|5.28p . □ 

Remark 5.5. The last statement of Theorem \S.8\ imvlies that the construction in the 
proof of Theorem \bA\ delivers not only the partial AP indices but also a first column 
of G-\- and G_. Namely, they may be chosen equal to ip+ and ip-, respectively. 

Now we move to the case iV > 1. 

Knowing a solution (|4?20)l . ((42T|l of pTT)) and using Theorem [3?8] (with 
det G = 1, and therefore 5 = 0), we can obtain sufficient conditions for AP fac- 
torability of G e ©a.w, iV > 1. 

Theorem 5.6. Let g G APW be such that g e S\,n, N > 1, as described in 
Theorem 15.11 with (|5.17p satisfied. Then G admits an APW factorization with 
partial AP indices ±yU where: 



In addition, from the factorization it follows directly that 



(5.29) 



.911- 



(i): /i = A^('?i++^i-)-A 1/ 



771+ e ^{g+), -m- e ^{g^) 



(5.30) 



and 



A > max 



{N7JI+ + {N- 1)?72-, Nrji^ + {N- 1)772+}; 



(5.31) 
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(ii) : /i = iV77i+ -{N- 1)772+ if 

m+, m+ G ^{9+) (5.32) 

and 

Nin+ + {N- 1)772- < A < iV77i_ + (TV - 1)772+; (5.33) 

(iii) : // = Ar77i_ -{N- 1)tj2- if 

-Vi-,-V2-en{g-) (5.34) 

and 

iV77i_ + (A^ - 1)772+ < A < iV?7i+ + {N~ 1)772_; (5.35) 

(iv) : M = A-(7V-l)(772++7/2-) 7/ 

772+ G n{g+), -772- e r!(.g_) (5.36) 

and 

A < min {Ar7/i+ + (A^ - 1)772-, iV77i_ + {N - 1)772+}. (5.37) 

Proof. Consider the solution to (|1.7p given by (|4.20p , (|4.2ip , with a± , b± as in 
([538)) . ((5J9| . Then we obtain 

N-l 

N-l 

= X! ((^l)''sA-Wi.-j>,2-+(Af-i-j)'?i+(e')2+ff-)-'(e-»n+5+)^~^~'') 
j=o 

= eA-JVi/-(JV-l)?72-'?^l+) 

with 01+ G where A-iVz^- (iV- 1)772- > due to dEZ]) and ^ inf rj(0i+) 

(= niinfi(0i+) if -772- £ ^^(5-)); 

J. W /■ \N 7 

<P2+ — —e-N,yg+ — ^e-Afi^+Ar?;i+ le-,,i_|_.g+j — e_Ar^+jv,,i+'P2+, 

with ^2+ e where -Ni^ + Nrji+ > due to dSH]) and = inf 1^(02+) 

(= minri((^2+) if G ^^(.9+)); 

= 5] ((-1)^5^5^^-^-^) 

i=o 

= XI (("l)^e-W">-jm-+(A'-i-j)'?2+(em-5-F(e-r,2+5+)""^"0 

= e_Ar^+(iV-l)?)2+01-j 

with <^i_ ej4PM^- where -iVi^+ (iV- 1)772+ < due to and = supfi((^i_) 
(= niaxf2((^i_) if 7/2+ £ fi(.9+)); 

02- = (-l)^~^eA-Ari/g^ = (-l)^"^eA-JVi/-7Vr,i_(e,,i_.g-)^ = eA-Ar,.-Ar^i_02-, 
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with (j)2- e^APW" where X - Nu + Niji_ > due to ^Ji) and = supfi((/)2-) 
(= max 57(02-) if ^ £ ^^(s-))- 
Hence, 



G 



e-Nv+Nr]i+4>2+ 



(5.38) 



Setting now 0+ — e^^ip^ and (f)- — e-^^ip- where 



^1 = -A^zy + niin{A- (A^- 1)772-, Nrii+) > 0, 
H2 = Niy + min { - {N - l)r/2+, A^r/i- - A} > 0, 

we infer from (|5.38p that G^jj-i- = V'-, with = £^4'+ and 

= A^i + M2 = niin {A - (iV - 1)?72-, + min { - (N - l)?/2+, A^??!- ^ ^} 

= min {Nirn+ + Vi-) - A, Nf]i+ - {N - 1)772+, 



(TV -1)772-, A-(iV-l)(772++ 772-)}. 



We consider separately the cases (i)-(iv). 
(i) If (jOH)) and (lOTl) hold, then ^ = TV (771. 



(5.39) 



A due to ((Og)) and 



^4 



eA-7V77i + -(A'-l)r(2-'Pl+ 
02+ 



7/-. 



e-A+Arr,i- + (iV-l)j72+'; 
02- 



where Af (02+) 7^ if and only 771+ S r2((7+), and A'/(02-) 7^ if and only —771- G 
fl{g-). Hence, by (|O0)) . -0+ = £-^-0+ S CP+ and -0_ G CP". The resuh now 
follows from Theorem 13.81 

(h) If (jO^ and hold, then ^ = Nt]i+ - {N - 1)772+ due to ({0^1 and 



^4 



eA-JVr)i+-(A'-l)T;2- V^H- 
^2+ 



7/-_ 



_eA-AfT;i_ -(Af-1)?)2+ 9'2- 



where M(02+) 7^ if and only 77i-|_ G fl{g+), and Af(0i-) 7^ if and only 772+ G 
nig+). Hence, by (|02|) . 7/^+ = e-^7/'+ G CP+ and tA- G CP". The resuh now 
follows from Theorem 13.81 

(hi) If (|04| and ([OS]) hold, then /x = TV77i_ - {N - 1)772- due to ([QO]) and 



V.'- 



3-A+Arr;i+ + (7V-l)r;2- '/'2+ 



V'- 



e-A+7Vi)i_+(Ar-l),72+01- 
02- 



where Af(0i+) 7^ if and only —7^2- G fl(g-), and M(02_) 7^ if and only 
-771- G fi(g-). Hence, by (|04| . 7/^+ = e_^7/:'+ G CP+ and t/j. G CP". The result 
now follows from Theorem Ii8| 



Factorizations, Riemann-Hilbcrt problems, and corona 



29 



(iv) If ((06)) and ([07)) hold, then /i = A - (TV - l){r]2+ + V2-) due to ((09)) 



and 



V'- 



eA-JVr)i_-(JV-l)r;2+'f'2-_ 



where M{(f)i^) ^ if and only —772- G ^^(5-), and Af(0i_) 7^ if and only 
m+ ^^{9+)- Hence, by (fOe]) . 4j+ = e_^'0+ e CP+ and e CP". The result 
again follows from Theorem 13.81 □ 

Remark 5.7. //A = iV 771+ + (iV— 1)772- = Nrji^ + {N — l)rj2+, then all the numbers 

Nirn+ + m-)- A, N7n+ -{n- 1)772+, 

iV77i_ -{N- 1)772-, A - (iV - 1)(772+ + 772-) 

to their common value. Analo- 



coincide, and therefore ji in Theorem 15.61 is 
gously, if X ^ Nrji^ + (N — 1)7/2- , then 

Nirn+ + V1-) - A = -{N- 1)?72-, 

X-iN- 1)(772+ + 772-) = A^77i+ -{N- l)r/2+, 

flTid if X = Nrji^ + (iV — 1)772+, then 

Nirn+ + m-) - A = iV77i+ ~{N~ l)r/2+, 
A - (iV - 1)(772+ + 772-) = iV77i- -{N- 1)772-. 

Hence, in the latter two cases yU = min {N{i]i^ +7/1-) — A, A — {N — l)(7/2+ +772-)} . 



Remark 5.8. The main difficulty in applying Theorem lbM lies in verifying whether 
or not condition (|5.17p holds. In this regard, Theorems 3.1 and 3.4 of [4] may 
be helpful. Also, as was mentioned before, (j5.17p holds if or a- is a single 
exponential. A class of matrix functions with such a± was studied in [7] , where 
the APW factorization of G was explicitly obtained. Naturally, conclusions of [7] 
match those that can be obtained by applying Theorem \5.6\ to the same class. Fur- 
thermore, combining Corollary \S.4\ and Theorem \3.5\ of the present paper with the 
APW factorization obtained in [7], it is possible to characterize completely the 
solutions of (|1.7p in that case. 



Below we give examples of two cases in which condition ()5.17|) is also not 
hard to verify. 

Example 5.9. Let the off-diagonal entry g E Sx,n of the matrix (|4.ip be given by 

g = C-2e-^2_ + c_ie_^i_ + g+ 

with c_2,c_i G C, < 7/1- < 772- and g-\. £ APW^ with Bohr-Fourier spectrum 
containing its maximum and minimum points r/j+, j = 1,2. 

If = 1, which happens in particular if c_i = C-2 — 0, then G is APW 
factorable with partial AP indices given by Theorem [ 
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If > 1, then it follows from Theorem 15.61 that G admits an APW factor- 
ization with partial AP indices ±/i, where 

N{m+ + ) - A if A > max {Nrii+ + {N - 1)7?2- , Nr]i^ + {N - 1)7]2+ } , 
NTJI+ -{N- l)r/2+ if Nr^i+ + {N - l)r]2- < A < iVr^- + {N - 
Nr,i_ ~{N - 1)772- if Nrji_ + (iV - 1)%+ < A < Nrji+ + (N - 1)772-, 
A-(iV- 1)(772+ +772-) «/ A < min{7V7/i+ + (Ar- 1)772-, A^77i_ + (Ar - 1)772+}, 

whenever (|5.17p holds. Moreover, the expressions given in the proof of Theorem 
5.61 for 0i±,02± in each case also provide, by using Theorem 13.81 one column for 
the factors G± in an APW factorization of G. 

In its turn, condition (|5.17p is satisfied if and only if one of the coefficients 
C-i,c_2 is zero or (if c_ic_2 7^ 0) 

inf |5+(zfe)| > 



(5.40) 



where Zk, fc G Z, arc the zeros of g- = c-2e-,j, 
1 



C-ie-r 



I.e. 



Zk 



arg 



C-2 

c-i 



2fc7r — i loE 



C-2 



C-l 



V2- - Vi- 

If. in particular, (7+ also is a binomial, i.e., 

.9+ = cie,,i^ + C2e,,2+ (ci, C2 £ C , < < 7/2+) 

then ()5.40p is satisfied whenever one of the coefficients ci, C2 is zero. On the other 
hand, for ci,C2 ^ condition (|5.40p is equivalent to (cf. Lemma 3.3 in [2]) 



and to 

Cl 
C2 



Cl 
C2 

C-2 
C-l 



C-2 



C-l 



V2+-V1 + 



if 



if 



V2+ - m+ 



p 



?/2- - ?/l- 



with p, (7 e N relatively prime. 



'72- - ??i- 

Example 5.10. Let G G ©a.w, iV > 1, with the off-diagonal entry g g APW of the 
form g = g_ + (7+ where 

a,^ > 0, Cq,c^ e C, ^ and r]i±,ri2± G fi(,g±) (see (|5.3p . (|5.4p ). It is easy 
to see that (|5.17p holds. Theorem 15.61 implies therefore that G admits an APW 
factorization with partial AP indices as indicated in that theorem. 
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